Many ideas exist for the development of shock-capturing schemes, such as Roe, Harten-Lax-van Leer (HLL) and advection upstream splitting method (AUSM) families, and their extension for all-speed flow. A uniform algorithm that expresses the three families in the same framework is proposed in this study. The algorithm has an explicit physical meaning, provides new understanding and comparison of the mechanism of schemes, and may play a significant role in further research. As an example of applying the uniform algorithm, the low Mach number behaviour of the schemes is analysed. A clear and simple explanation is provided based on the wall boundary, and a concise rule is proposed to determine whether a scheme has satisfied low Mach number behaviour.
Introduction
The area of computational fluid dynamics is usually subdivided into research fields for compressible and incompressible flows that have their own disadvantages and solving methods. For incompressible computation, one of the most important problems is pressure checkerboard, which motivated the development of momentum interpolation method (MIM) (Rhie and Chow 1983; Choi, Nam, and Cho 1993; Choi 1999; Yu et al. 2002; Pascau 2011; Li and Gu 2010) . For compressible computation, the main difficulty is to capture shock. Thus, compressible methods are regarded as shock-capturing schemes and time-marching algorithms for space and time discretisation.
The shock-capturing scheme has exhibited significant development in the past three decades. Three families, namely, Roe (Roe 1981 (Roe , 1986 , HLL (Hartern, Lax, and Van Leer 1983; Einfeldt et al. 1991; Rusanov 1962) and AUSM (Liou and Steffen 1993; Liou 1995 Liou , 2000 , are the most important and widely utilised. However, these shock-capturing schemes fail to achieve low Mach numbers, namely, incompressible flows, because of the non-physical scale of pressure fluctuation (Guillard and Viozat 1999) . To address this problem, many extended schemes have been proposed for all-speed flows based on preconditioning technology (Guillard and Viozat 1999; Weiss and Smith 1995; Turkel 1999; Park, Lee, and Kwon 2006; Edwards and Liou 1998) and other new concepts (Li, Gu, and Xu 2009; Li and Gu 2008; Thornber and Drikakis 2008; Fillion et al. 2011; Dellacherie 2010; Liou 2006 ; Shima and Kitamura 2011; * Email: xs-li@mail.tsinghua.edu.cn Li and Gu 2013) . Thus, many schemes, which were proposed based on different ideas, can achieve the main aim of capturing shock with or without appropriate low Mach number behaviour although these schemes may exhibit different performances in terms of detailed properties, such as the carbuncle phenomenon and shock instability (Quirk 1994; Kim et al. 2003) . This fact indicates the importance of a uniform algorithm that can provide a general framework to understand, analyse and improve these schemes. Several successful examples have been established although their frameworks are not general enough. For example, the shock instability of the Roe scheme is addressed by comparing it with the HLL-type scheme (Kim et al. 2003 ). Furthermore, the mechanism of all-speed schemes is determined by comparing several Roe-type schemes in a uniform framework (Li and Gu 2013) as performed in Weiss and Smith (1995) .
Following the framework of Li and Gu (2013) , a more general algorithm that covers Roe-, HLL-and AUSM-type schemes at the least is proposed in this study. The algorithm is simple, has an explicit physical meaning, provides another angle of understanding the mechanism of schemes, and may play a significant role in further research on the schemes.
The present paper is organised as follows. Section 2 provides a concise review of the original form of the three families' schemes. The proposed uniform algorithm is presented in Section 3. Section 4 describes the application of the uniform algorithm to extend the schemes from shock capturing to all speed. Section 5 presents the conclusions.
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Shock-capturing schemes 2.1. Governing equations
The governing Navier-Stokes equations can be written in Cartesian form as follows:
H v are the vectors of viscous fluxes; S is the source term; ρ is fluid density; p is pressure; E is total energy; and u, v and w are the velocity components in the Cartesian coordinates (x, y, z), respectively.
Roe scheme
The classical Roe scheme can be expressed as follows:
where c is the sound speed; V 2 M = u 2 + v 2 + w 2 ; U = n x u + n y v + n z w is the normal velocity on the cell interface; H is total enthalpy; and n x , n y and n z are the components of the face-normal vector.
HLL scheme
The HLL-type scheme can be written as follows:
where
For a different version of HLL-type scheme, the definitions of b + , b − and δ can differ. For example, for the HLL-Einfeldt-modified (HLLEM) scheme (Einfeldt et al. 1991) ,
For the simplest version, which is known as the Rusanov scheme (Rusanov 1962) ,
The average values in Equations (8)-(11) can also adopt Roe's average as the Roe scheme.
AUSM scheme
As the representation of the AUSM-type scheme, the AUSM + scheme (Liou 1995) can be written as follows:
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Uniform algorithm for shock-capturing schemes

Uniform framework
The shock-capturing schemes presented in Section 2 can be generalised as the sum of a central termF c and a numerical dissipation termF d as follows:
Central termF c can be obtained as
whereF is defined in Equation (3). Therefore, the difference of the schemes is reflected in the numerical dissipation termF d . In the following sections, a uniform algorithm forF d is provided.
Scalar form of the Roe scheme
Following Li and Gu (2013) , the Roe scheme in Section 2.2 can be rewritten in the following scalar form:
The three terms on the right side of Equation (21) have explicit physical meaning. The first term is basic upwind dissipation. The second term is a modification of the interface pressure, and the third term is a modification of the interface fluxes. The first and second terms have a critical effect on the non-physical behaviour of low Mach number flows (Li and Gu 2013) , and the third term plays an important role in suppressing the pressure checkerboard mode (Li and Gu 2013) similar to MIM (Li and Gu 2010) .
For the Roe-type scheme,
and γ is the ratio of the specific heat values.
In the scalar form, Equations (21)-(25) are completely equal to the vector form in Section 2.2 without any assumption.
Scalar form for Roe and HLL schemes with primary variables
With the assumption
where φ represents one of the fluid variables, β in Equation (25) becomes
Therefore, Equation (21) can also be written in scalar form with primary variables
where the terms ξ and δU ξ are divided from the first term in Equation (21), and δU ξ plays a very similar role to the δU terms because only a trivial difference exists in the energy equation. In fact, the dissipation of the energy equation itself has a trivial effect on low Mach number behaviour (Li and Gu 2013) . The terms δU and δp can also be subdivided as follows:
δU p , δU u , δp p and δp u denote the pressure-difference and velocity-difference modifications on the interface fluxes and pressure, respectively. Therefore, for the Roe scheme,
Considering
δU ξ can also be expressed as
The HLL scheme can also be rewritten as Equation (28). The corresponding terms are as follows:
Considering Equation (36),
Extended scalar form for the AUSM scheme
To express the AUSM scheme in the uniform algorithm, Equation (28) can also be extended as follows:
where δp in Equation (28) is subdivided into δp 1 and δp 0 to modify the interface pressure of the energy equation and other equations, respectively. δU is subdivided into δU 0 , δU 1 and δU 2 to modify the interface, right side and left side fluxes, respectively. For the AUSM + scheme in Section 2.4, the corresponding coefficients can be expressed as follows:
Similar to Equations (29)-(30), δU 1 , δU 2 and δp 0 can also be expressed as the sum of the pressure-difference and Mach-difference terms as follows:
δU 1,p = 0, δU 2,p = 0,
Rules for extending shock-capturing schemes to all-speed schemes based on the uniform algorithm 4.1. Non-physical behaviour of shock-capturing schemes for low Mach number flows
Shock-capturing schemes suffer from the non-physical behaviour of low Mach number flows. Through asymptotical analysis, Guillard and Viozat (1999) provide a theoretical proof to demonstrate what non-physical behaviour means. In continuous incompressible flows, the pressure varies in space asymptotically with the square of the reference Mach number as follows:
which means that both p 0 and p 1 in the expansion of p are constant in space for continuous cases. However, pressure, which is obtained by shock-capturing schemes, varies asymptotically with the reference Mach number as follows:
which means that p 1 is not a constant in the discretised field by the shock-capturing schemes and thus results in a non-physical pressure field.
Explanation and rule for all-speed schemes
The non-physical behaviour problem is usually due to the extremely large numerical dissipation of the shockcapturing scheme. Li and Gu (2013) explain that the part of the dissipation term that leads to the problem is the coefficient of the velocity-difference term in the momentum equation. A simple explanation is provided in the present study from a new angle. A clearer and simpler rule is also proposed to satisfy the low Mach number property of allspeed schemes.
Rusanov scheme at the wall boundary and its improvement
The Rusanov scheme in Equation (11), which is the simplest version of the HLL scheme, was utilised in this study as an example because it is very simple, but typical. The original form of the numerical dissipation term in this scheme can be rewritten as follows:
For the wall boundary shown in Figure 1 , the numerical dissipation should be equal to zero in theory, namely, F d = 0. However,F Rusanov d is obviously unreasonable because the velocity gradient is large and the sound speed is nearly a constant. In fact, the numerical dissipation in Equation (60) is larger than the reasonable value by 1 M times at the least because the reasonable numerical dissipation should be proportional to the local velocity as in the incompressible solver. Therefore, the non-physical behaviour problem is expected because numerical dissipation is inversely proportional to the local Mach number.
To address the non-physical behaviour problem, Equation (60) can be modified as where c can be defined in the following simplest form as
where V is the amplitude of local velocity
Equation (61) can meet the requirement of the boundary wall and can satisfy Equation (58), which can be deduced easily according to the general asymptotical analysis (Li and Gu 2013) .
Another problem with Equation (61) is the instability of the computation. Thus, a global cut-off is adopted for preconditioned HLL-type schemes (Park, Lee, and Kwon 2006) as follows:
where V ref is a global parameter that may have many definitions, such as that in Park, Lee, and Kwon (2006) . Therefore, the numerical dissipation at the wall is not zero and is larger than the reasonable value by M ref /M times. For a flow field in which the Mach numbers in different parts have significant disparity (e.g., mixed compressible and incompressible flow), the global cut-off in Equation (64) is obviously unsatisfied. However, all preconditioned shockcapturing schemes (Guillard and Viozat 1999; Weiss and Smith 1995; Turkel 1999; Park, Lee, and Kwon 2006; Edwards and Liou 1998) suffer from this global cut-off problem although the reason may not be similar (Li and Gu 2013) .
To analyse the behaviour of the Rusanov-type scheme, Equation (60) can also be rewritten as follows:
Based on the uniform algorithm in Equation (28), Equation (65) can also be expressed as δp p = 0, δp u = 0, δU p = 0, δU u = 0,
Equation (61) without the global cut-off can be rewritten as follows:
and Equation (61) with the global cut-off can also be rewritten accordingly as
The non-physical behaviour problem is due to ξ in Equation (67) and not δU ξ . δU ξ provides an MIM-type mechanism similar to δU , specifically, δU p , as discussed in Section 3.3.
Equation (68) solves the non-physical behaviour problem by modifying ξ . However, it also makes δU ξ extremely small to suppress the checkerboard, which can be determined by the O c −2 order of the coefficient of p (Li and Gu 2013) , and thus leads to computational instability. Equation (69) increases δU ξ ; however, it simultaneously increases ξ .
The problem in Equations (68) and (69) is to modify ξ and δU ξ simultaneously. A good solution is to regard them, respectively, as follows: where c can adopt Equation (62) or the following expression (Li, Gu, and Xu 2009) for better smoothness for transonic flows:
In Equation (70), δU ξ is not zero when the Mach number is zero, which is the inevitable cost for suppressing the checkerboard. However, the effect on accuracy is minimal.
Numerical experiments
The pressure contour is provided for two-dimensional (2D) Euler flow past a cylinder with an inflow Mach number of 0.01 to validate further the above discussion. Figure 2 shows that the Rusanov scheme in Equation (60) obtains a solution resembling that of the Stokes flow, which means full viscous flow rather than Euler flow. As expected, the improved scheme in Equation (70) can converge well and obtain a physical solution for the Euler flow as shown in Figure 3 . Figure 4 shows the pressure fluctuations Ind(p) = (Pmax -Pmin)/Pmax by the improved Rusanov scheme in Equation (70) versus the inlet Mach number, which perfectly agrees with the theoretical asymptotic predictions as shown in Equation (58).
A 2D viscous example of a transonic Von Karman Institute for Fluid Dynamics (VKI) turbine blade with 200 × 500 grid points in the azimuthal and streamwise directions and a 3D viscous example of a NASA transonic compressor Rotor37 with 48 × 52 × 160 grid points in the azimuthal, spanwise and streamwise directions are presented to demonstrate the shock-capturing stability of the improved scheme. S-A turbulence model is employed for both examples. Figures 5-8 show that the results obtained with the improved Rusanov scheme in Equation (70) are very similar to those obtained with the classical Rusanov scheme in Equation (60). This finding indicates that the improved scheme also has Total Variation Diminishing (TVD) property and is sufficiently robust for difficult computations.
The rule for all-speed schemes and comparison of the schemes
By employing the method provided above for the Rusanov scheme, the other shock-capturing schemes in Section 3 can also be analysed similarly. Combined with the analysis of Li and Gu (2013) , a concise rule can be proposed based on Equation (28) to satisfy low Mach number behaviour as follows:
In detail, ξ and δp u should be almost zero to avoid the non-physical behaviour problem. δU p and δU ξ play a similar role, and at least one of them should be sufficiently large to suppress the checkerboard. δp p and δU u appear trivial for low Mach number flows.
Low Mach number behaviour can be easily and uniformly analysed according to the rule of Equation (72).
The non-physical behaviour problem is due to δp u in Equation (33) for the Roe scheme, ξ in Equation (38) and/or δp u in Equation (40) HLL-type scheme and due to δp 0,u in Equation (53) for the AUSM + scheme because they have the order of O (c u). In detail, different from the non-physical behaviour of the classical HLL and Rusanov schemes that is due to the term of c u in ξ , the non-physical behaviour of Roe-type and AUSM-type schemes is due to the term of c U in δp u . Noticed that u means the primary velocity vector difference and U means normal velocity difference on the cell interface, it can be understood the reason why in the boundary layer the Roe-type and AUSM-type schemes exhibit much better behaviour than the classical HLL and Rusanov schemes as well known and appears to be physical although the flow of the boundary layer is always incompressible. Based on the analysis in this study, however, this advantage depends strictly on the conditions of the bodyfitted large-aspect-ratio grid and attached flows. If the flow of the grid becomes non-parallel, such as large separation of the boundary layer, the quality of the numerical results will deteriorate seriously because of numerical dissipation although this deterioration is usually only due to the turbulent model. By the improvement according to Equation (72), even the improved Rusanov scheme can have a satisfied behaviour in the boundary layer in any circumstance.
The global cut-off problem of the preconditioned technology is also due to ξ or δp u , which cannot approach zero because the order O (c u) of the original shock-capturing schemes is replaced by the order O (V ref u), as in Equation (69).
The Roe and HLL schemes have an inherent mechanism to suppress the checkerboard problem as shown in Equations (34), (41) and/or (43). However, for the AUSM + scheme, such a mechanism is absent, namely, δU 1,p = 0 and δU 2,p = 0 in Equation (54) and δU 0 = 0 and δU ξ = 0 in Equation (45). This is the reason why an additional term similar to δU p has to be added into extended version of the AUSM + scheme considering low Mach number flows, such as the AUSM + (P) (Edwards and Liou 1998) and AUSM + -up schemes (Liou 2006) .
Conclusions
A uniform algorithm that can express and analyse shockcapturing schemes and their all-speed extended version from a uniform viewpoint was developed in this study. The proposed algorithm is clear and simple. Based on the uniform algorithm, a concise rule was also proposed. This rule provides the criteria for determining whether a scheme satisfies low Mach number behaviour and how to improve it.
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